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LE'ITER TO THE EDITOR 

Bi-Hamiltonian structure and Lie-Backlund symmetries for a 
modified Harry-Dym system 

A Roy Chowdhury and Swapna Roy 
High Energy Physics Division, Department of Physics, Jadavpur University, Calcutta- 
700 032, India 

Received 1 1  February 1985 

Abstract. We have obtained the complete Lie-Backlund symmetry for a modified Harry- 
Dym system and hence deduced the bi-Hamiltonian structure associated with it. It is 
shown that these Lie-Backlund symmetries generate the recursion operator inherent in the 
theory and the conserved quantities can also be computed according to the Dorfman 
prescription. 

One of the most important properties of nonlinear systems which are completely 
integrable is possession of an  infinite number of conservation laws [ 13. Another notable 
feature associated with such equations is their bi-Hamiltonian structure, connected 
intimately with the recursion operator for these infinite number of symmetries [2,3]. 
In this letter we analyse such properties in relation to an  equation which can be thought 
of as the modified Harry-Dym system. The equation under consideration reads 

U, = ax3( Cl + C2 - (DI + DZ U ) (  Cl + Cz U)-3'2 U, 

++ D2C2(  C, + C2 U)-"2U, 

which for brevity we put as 

U, = K (  U, U,, U,,, . * .). 

The Lie-Backlund symmetries associated with either of the forms ( 1 )  or (2) are 
generated through a generator q( U, U,, U,, . . .) such that when 

U +  U+Eq 

equation (2) remains invariant. Mathematically, a functional can be a symmetry of 
(2) if and only if 

K ' [ q ] - q ' [ K ] = O  ( 3 )  

where K ' [ v ]  is defined to be the gradient of K,  through the equation 

K ' [  v] =(grad K,  v )  

with 

K '[ v] = (a /  a E ) K [ U + E V I  1 E 

and ( , )  is the relevant scalar product. 
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In our case of the modified Harry-Dym system the function K is written as 

K ( U )  = ax3( C, + C2 U ) - ’ / 2  - ( D ,  + D2 U ) (  C , +  C2 U)-3’2  U, 

+ 4 D, C2( C ,  + C2 U)-’’2 U, 

and 

K ‘ [ v ] =  - f C 2 d ~ 3 ( C I + C 2 U ) - 3 / 2 + f D 2 C Z ( C I + C z U ) - 1 ’ 2  

+ ( D ,  + D2 U ) (  C ,  + C2 

With this form of K ’ [ Y ]  it can be seen that the first few solutions of (3) are 

7 7 1  = U, 

7 7 3 = K ( U )  

775 = LQi 

with Q, = U, f (  U, U,) + g (  U, U,), where 

L = a:+2( D, + D2 U )  a,+ D, U, 

f =  -$c:(c, + C ~ U ) - ~ / ‘  

g =$C:(C ,  + C2 I Y ) - ’ ’ ~ U : + ~ C ~ (  D ,  + D2 U ) (  Cl + Cz U)-3’2 

and lastly 

777 = LQ2 

where 

Qz= U,h+ U:k+lU2+m 

with 

h=-&C:(C,+C,U)-’ / ’  

1 = -gC: (C ,  + CzU)-lI/2U:+$D2Cz(CI + C2U)-’/*-&(CI + C ,  U)-7’2(DI+ D2U) 

k = gC:( C,  + C2 U ) - 9 / 2  

m = c:( C ,  + C, U ) - ‘ 3 ’ 2  U:  - D~ c:( C, + C, U ) - ’ I 2  U: 

+ C2(  D ,  + D, U ) 2 (  Cl + CZ U)-’” 

+gC:(Cl + C2 D ,  + D2 U )  U:.  ( 7 )  

The structure of these symmetries indicates that the further symmetries will be of 
quite complicated structures. One of the most useful properties of these types of 
equations, possessing infinite number of symmetries, is that they admit an hereditary 
operator [4,1]. Let us recapitulate the definition of such an  operator, Q,. An operator 
Q, is said to be a strong symmetry or an  hereditary operator if 

Q , [ K ] - [ K ’ ,  @ ] = O  (8) 

and an  operator Q, satisfying (8) has the property 
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In this case we find that @ has the following form: 

1 = B ( f f - I / 2 D - l f f - 7 / 2  c: - f f - 7 / 2 c l  ~ : D - I ~  -112 
16 

+ i ( a - 5 / 2 C :  U ,  u 2 D - ' f f - 1 / 2 -  a -1 i2D- la -5 /2C:  U ,  U,) 

+&(a-5 /2C:  U ,  - ( Y - ~ / ~ C ~  U ,  D-1a-5/2 c: U:)  

- 3 i 2  (CZUI D-'CU-~~~C~U~-C~U~D-'(Y-~'~C~LT~)] 
+ f ( a - 1 i Z D - 1 ~ - 3 i 2 C z  U3- a-*C, U3)+2a-l  3: 

+ a-* c2 U,  a, + 3 

+:(Dl + D , U ) ( Y ~ ~ ' ~ D - ~ ~ - ~ ' ~ C ~ U ~ + ~ D , U ~ ( Y - ~ ' ~ D - ' ~ - ' ' ~  (10) 

C: U:  - 2a -2  C, U, 

- ~ ( D , + D ~ U ) C Y ~ ~ ~ ~ C ~ U ~ D - ~ L Y - ' ~ ~ + ~ ( D I +  D2U)a-I 

where a = Cl + C2 U. This satisfies both equations (8) and (9). 

following way: 
An interesting and crucial observation at this stage is that (10) factorises in the 

@ =[a :+  2( D1 + D, U )  a, + D, U,]M-' = LM-I (11) 

with 

M =2(CI + C2 U )  ax+ C2 U,. 

It is then easy to demonstrate that the Q, defined in equation (7 )  follow the recursion 
relation 

MQ,+I = LQt. (13) 

Equation (13) is really the clue to the bi-Hamiltonian structure. Let us define quantities 
3, whose variational derivatives are the quantities Q,, that is 

631, /6U = Q, (14) 

where 

are really the conserved quantities associated with the symmetries 77,. In fact equations 
of the form (14) can be solved for in the variational formalism of Dorfman [ 5 ] .  
The solution of equation (14) can be actually written as 

= U jO' Q 1 ( t U )  dr. 

The construction of a hi-Hamiltonian structure can then be realised by specifying two 
sets of Poisson brackets along with two Hamiltonians as follows. Let us set for any 
two functionals F,, F, of U 
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where L and M are the two operators in (7) and (12).  Then equation ( 1 )  can be seen 
to be equivalent to 

U, = [ U, HI11 = [ U, H212 

-A C,( c, + c, U)-3’2 U, - c:( c, + c2 u)-5’* U: 

-$ (  D ,  + D, U ) ( C ,  + C, U)-”,+( D,/C,)( c, + cz 

(17) 

where HI = go = ( C ,  + C, U ) - ’ / 2  and H 2  = 9, obtained from ( 15) to be equal to 

One of the authors (SR) is grateful to the DST (Government of India) for support 
through a Thrust area project. 
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